We establish upper bounds for the eigenvalues of second-order and fourth-order differential equations. The inequalities are obtained via rearrangements of higher degree.
Introduction
Let is the distribution function of f . The increasing rearrangement of f is simply f * * (x)≡ f * (l − x). The function f * is nonnegative, right continuous and we have (see for instance [1, 8] 
(1.3)
Furthermore, if g ∈ L ∞ (0,l) is nonnegative, then we have
(1.4)
We denote by f + n (resp., f 2 Differential inclusions (see [11] ):
. For more information on rearrangements see [1, 11] .
In this paper, we derive upper bounds for eigenvalues of some classes of differential equations via rearrangements of higher degree. Many results concerning lower and upper bounds for eigenvalues have been obtained [2] [3] [4] [5] [9] [10] [11] . For instance in [5] , lower bounds for the first eigenvalues of the equations (p(x)y ) + q(x)y + μy = 0 and (p(x)y ) + q(x)y + μy = 0, subject to Dirichlet boundary conditions, are found. In [11] , lower and upper bounds for the nth eigenvalue of the equation y + μρ(x)y = 0 are obtained via rearrangements of higher degree. In [7] , it is shown that the first eigenvalue of Euler problem decreases when one replaces the design (coefficient function) involved in the problem by its decreasing rearrangement. In [9] , we derived upper bounds for the nth eigenvalue of the equation y + p(x)y + μq(x)y = 0 with Dirichlet boundary conditions, under some conditions on the coefficients p and q. The first goal of this paper is to complete the results obtained in [9] , by deriving upper bounds for the eigenvalues of the problem
This will be achieved by first considering the intermediate problem in (2.1). The second goal is to establish upper bounds for fourth-order differential equations. In order to simplify the presentation, we assume throughout the paper that the functions p and q are positive and continuous on [0, l].
Second-order problem
Consider the boundary value problem
According to a variational principle, the first eigenvalue μ 1 (p, q) of this problem can be written as
Another characterization of μ 1 (p, q) can be found in [6, 7] 1
where · denotes the standard L 2 (0,l) norm. This maximum is attained at v 1 = q 1/2 y 1 where y 1 is a first eigenfunction of (2.1).
Thus, arguing as in [7] , we have
The first inequality follows from the fact that (1/ p) * * = 1/ p * and from (1.4). Asv is not necessarily nondecreasing, we cannot introduce q(t) in these inequalities. We then return to representation (2.2). Letȳ be an eigenfunction of (2.1) associated with μ 1 (p, q * ).ȳ 2 is obviously nondecreasing. Hence, by using (1.4), we have 
The next result is a direct consequence of this theorem and arguments from [9] . Theorem 2.3. Let λ n (p, q) be the nth eigenvalue of
Then, λ n (p, q) ≤ λ n (p + n , q + n ) for all n, and equality holds only if (p, q) = (p + n , q + n ).
Fourth-order problem
Let μ 1 (p, q) denote the first eigenvalue of the fourth-order differential equation 
g(x,t)q(t)y(t)dt, (3.2)
where g(x,t) = min{x,t}. Hence,
Since the right-hand member belongs to L 1 (0,l) and y(l) = y (l) = 0, we have
Let L be the operator defined by
v ∈ L 2 (0,l).Equation (3.4) can be written now as
where v(x) = q(x) 1/2 y(x). The operator (LL * ) is compact, selfadjoint and positive, therefore there exists an infinite sequence of eigenvalues 0 < μ 1 (p, q) ≤ μ 2 (p, q) ≤ ··· which increases without limit. The first eigenvalue can be found as
The maximum is attained at v 1 = q 1/2 y 1 , where y 1 is the first eigenfunction of (3.1). From general theory of compact operators with positive kernels [6] , we know that μ 1 is simple and y 1 can be chosen positive on [0,l]. We finally notice that
and therefore μ 1 can be found as
Samir Karaa 5 Letv = (q * ) 1/2ȳ , whereȳ is a positive eigenfunction corresponding to μ 1 (p * * , q * ) and such that v = 1. We have
On the other hand, reasoning as in the previous section, we find that μ 1 (p, q * ) ≥ μ 1 (p, q). As a result, we have
By using this theorem and arguments from [9] , we prove the following.
Theorem 3.2. Let λ n (p, q) be the nth eigenvalue of
all n, and equality holds only if
(p, q) = (p − n , q + n ).
Another problem
In this section, we denote by μ 1 (p, q) the first eigenvalue of the following problem
Let h and H be positive numbers such that and it is easily seen that equality holds only when (p, q) = (p * * , q * ).
Once again, by using Theorem 4.2 and arguments from [9] , we prove 
